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ABSTRACT  Consideration  is given to the role of a population of muscle fibers
of  distributed  diameters  in  the observed  washout  of a tracer,  with particular
reference  to radioisotopic K and muscle  fibers.  It is concluded that if washout
of tracer  from a single  fiber  is  described  as first  order,  then washout  of tracer
from a population of fibers is apt to appear as first order.
It  is  desired  to measure  efflux  of an ion from a  tissue, a cell  population.  The
tissue  is placed  in a solution containing  a radioisotopic tracer of the ion, and
after  a certain  interval  the  bath  is  changed  or  the  tissue  is  transferred  to
another bath free of the tracer. Tracer ions in the cells now exchange with the
nonradioactive ions outside the cell, ideally in such a way that the total num-
ber of ions  and  the  concentration  of total  ions, radioactive  and  nonradioac-
tive, do not change either in the cells or in the bathing solution. The decrease
in  radioactivity  in  the  tissue,  or its  increase  in  the  bath,  is  the  washout  of
tracer.  Ordinarily one plots the quantity of tracer remaining in the tissue as a
function  of time and  from this  curve one  would  like  to extract  a  measure  of
efflux of the tracer, which can then be extended to estimate efflux of the native
ion.
Solutions for measurement  of ion  flux into  and out of muscle  are given  by
Harris  and Burn  (1)  who considered  the tissue in essence as  though it were  a
single  muscle  fiber  through  which  were  channels  of interstitial  fluid.  Their
general solution,  then, considers diffusion of the ion through interstitial  chan-
nels  as  a process  in series  with  flux  into and  from  a  homogeneous  cell.  The
solution  depends  upon  the  boundary  conditions  imposed  by  the  assumed
geometry of the tissue.  Keynes (2)  extended their  solution from bounda  ies of
plane surfaces to a cylindrically shaped muscle.
When one tries to measure ion efflux by counting radioactivity remaining in
the  tissue,  retention  of radioisotope  in interstitial  channels  leads  to an  over-
estimate of radioactivity truly remaining inside cells,  and it was largely to the
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question  of separating  interstitial  diffusion  from  flux across  cell  membranes
that Harris and Burn (1) and Keynes  (2)  addressed  themselves.
We are concerned with a different problem.  What is the effect  of a popula-
tion of muscle fibers of distributed  diameters on the kinetics of tracer washout?
The experiments  to which  these  considerations  are directed  are  described  in
a companion paper  (3), and specifically they concern  efflux of potassium  from
the  extensor  digitorum  longus  muscle  of  rats.  The  apparent  over-all  time
constant of K efflux is in hours; the time constant for diffusion from interstitial
space in this muscle is negligible by comparison.  For this reason the treatment
given below neglects  interstitial  diffusion.  For other ions in which interstitial
diffusion  is not negligible,  Keynes'  approach  (2)  should  be incorporated  to
yield a general  solution.
The following  symbols will be used.
Ni  =  quantity of the ion inside the fiber
Vi  = volume of fiber water
Vf  = volume of fiber
= Vi/ V
S  =  surface area  of fiber
r =  radius of fiber
Ci, CO  = concentration  of ion inside and outside fiber,  respectively
ai, ao  =  specific  activity inside and outside fiber,  respectively
Fi, F  =  flux  of ion  from  outside  to  inside  and  from  inside  to  outside,
respectively,  in units of mass  time- '  length- 2
k  =  a rate constant
An asterisk  as a superscript  refers to a tracer.
For  a  single  fiber,  the  following  well  known  relations  hold  (cf.  Harris  and
Burn,  1):
Ci = N/V  (1)
dN  = S(F  - F)  (2)
dNt
dNt  =  S(a.Fi - aiF).  (3)
Experimentally,  ao is held at zero,  so that equation  (3) becomes
dN'  =  -S&  dt.  (3 a)
Integration  yields
N:*(t)  = N(O)-exponential [--  t F  dr.  (4)
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Combining equations  (1)  and  (4),
N*(t)  = N*(0)-exponential [-  Vf tC  d  (4a)
For a cylinder,  ignoring the contribution  of the ends to the surface,
S/IV  = 2/r.  (5)
But the exponent in equation  (4 a)  contains S/Vi, not S/Vf.  We substitute
3yVi for  Vj, where
.Y=  (V7 - V)/(W-  V),
where  W is wet weight of the muscle,  VB  is the volume of extracellular water,
V,  is  the total volume  of water in  the  muscle  (the sum of  V  and  V),  and
the departure  of the specific gravities from identity  is ignored.  Although this
definition  of  '  is an operational definition  for the whole  muscle  and  we are
at  the moment  considering  only  a  single  fiber,  there  does  in  fact  exist  a  y
for a single fiber that describes  the ratio VilVf.
Combining  equations  (4 a)  and  (5),
N*(t)  = N*(O) exponential [-2 f  FC  dr] = N(O)ef  t),  (6)
where  -f(t) is the exponent in brackets.
In experiments  in which  radioactivity  is monitored  over  an entire  muscle,
the counts  per minute recorded  is the sum of the contribution  of every fiber,
or
n
Y(t)  =  y(t),  (7)
j=i
where  Y(t)  is the observed counts per minute at time t and y  is the contribu-
tion of the jth fiber to the total counts.
The contribution  of each fiber to the total counts per minute is proportional
to the quantity  of isotope in the fiber,  or
yj  =  aj(N*S)j,  (8)
where  aj depends  on  the  efficiency  of the  detector,  the  distance  of  the jth
fiber from the detector, etc.
Combining equations  (6),  (7),  and  (8),
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It  is customary to plot log Y(t)  against time. The result often appears to be
a  straight  line;  that is,  there  is  an empirical  fit  acceptable  to  many investi-
gators,  to the equation
Y(t)  Y(O)e- kt,  (10)
where  k is constant.
The question  is,  under  what  circumstances  can  equation  (9)  be  equal  to
equation  (10)?  Following  are three possibilities:
1. f(t) is  linear with t and is  the same for all j; that is,  the ratio  (Fo/?rC)j
is  constant  and  identical  for  all j.  We  know  that all  fibers  do  not have  the
same radius.  Indeed,  the radius  of the largest fibers  is two or three times that
of the smallest fibers.  It  is not likely  that  yC  varies from fiber to fiber nearly
as much  as does  the radius.  Therefore,  if it were true that k  =  2(Fo/-yrCi)i,
then  it would  be required  that Fr  be  approximately  invariant  from  fiber
to fiber.  Let  Fo be passive,  that is,  let
F  =  E AC,
where /u is a measure  of mobility,  SD is  the area  of the surface  through  which
diffusion  occurs across  a distance  x,  and AC is the  appropriate  driving force.
Then if  (F/,lr)i  is  constant for  all j,  it is required  that  (O/x)j be constant for
j,  where  0  =  S/S, the fraction  of the  total surface  through  which  diffusion
occurs.  This  relation  demands  that, for  a  constant  volume of membrane,  as
r increases,  x decreases  and  0 decreases  proportional  to x.  Contrary  to intui-
tion, in such a membrane  the fraction  of the total surface available  for diffu-
sion decreases  as the fiber is dilated,  but Fo increases with r because  the path
x shortens. Although it  is  conceivable  that  these  events  can  occur,  it  seems
unlikely  that they do.
2.  f(t)  may  not equal  kt,  but variations  in  Fo/rCi with  time may  lead  to
spurious  linearity.  This  demands  that  increases  in growth  rates of some  ex-
ponentials  are counterbalanced  by decreases  in  others.  This situation  might
occur  during  swelling  of the  muscle.  If fibers  swelled  at different  rates,  and
if  there  were  a  critical  point  in  fiber  distention  at  which  the  fiber  became
much leakier,  then,  for large increase  in r, Fo might grow more rapidly  than
r  whereas,  for  smaller  increases  in  r, Fo might  increase  less  rapidly than  r.
Thus, Flr  would  increase for  some fibers and decrease  for others.  It  is asking
a  lot  of coincidence  that  this lead  to  greater  uniformity  of  the  distribution
of Fo/r among individual  fibers.
3.  fj(t)  is  linear  with  t.  Variation  in f(t)  from  fiber to  fiber  is  due  almost
entirely to the distribution of r among the fiber population.  Under the experi-
mental  conditions,  a  plot  of log  Y(t)  appears  to  be  linear  with  time  even
though  Y(t)  is not truly a single term exponential.
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The  first  condition,  that fj(t)  be linear  in  t,  demands  only  that,  during
the  measurement  of  Y(t),  (F,/yrCi)j be  independent  of  time,  even  though
it may vary from fiber  to fiber.  Presumably  this condition  can  be realized  if
r is constant,  if the electrochemical  potential  of the ion in question is constant
inside  the  fiber,  and,  if there  is any active  efflux,  if  the  metabolic  processes
controlling  active  efflux  are  also  constant.  These  reservations  may  be  met
if Ci is observed  to be constant.
The second  condition,  that even  though  Y(t)  is the  sum of exponentials,  it
appears  experimentally  to  be  only  a  single  term  exponential,  is  probably
true.  There are two reasons for this:
(a) A semilogarithmic plot is not a sensitive test for the presence or absence
of a sum of exponentials  as it is done  in practice,  as  the following  will  show.
Consider  first a  muscle  containing  only  two  fibers  of radius  r  and  r2,  re-
spectively.  The decrease  in radioactivity in  the muscle  is,  from equation  (9),
Y(t)  = yi(O)e ' t  + y 2()e -k t. (11)
All  four  constants  in  equation  (11)  are  functions  of  r; for  k  and  k2,  write
K/ri and K/r2, respectively.  From equation  (8),
yj(O)  =  j[N*(0)]j.
Although  there may be a minor effect of r on aj, the major  effect of r on yj(O)
is  by way of N*(O).  If the  muscle is  loaded long enough  to permit  equilibra-
tion,
(ai)j = (ao)j
[N*(O)j =  a[Nj(O)lj
If the  concentration  in  every  fiber  is  the  same  and if fiber  lengths  are  rela-
tively uniform,
[Nz*(O)]i  =  rlao Ci. (r2)j  . (12)
Thus,  if the  muscle  were  loaded  to equilibrium,  the  weighting  factor  yj(O)
might vary with the square of fiber radius.
In  our  experiments  (3)  the  muscle  was  almost  certainly  not  loaded  to
equilibrium.  With  the  same  assumption  as  above,  the  isotope  content  of a
fiber varies with loading time,  t, as follows:-
[N*(O)]  =  rlao  C-.  (r 2)j[1  - elri].  (13)
Differentiating equation  (13)  with respect to r,
dNi(°)  - 2Br - B(2r +  Kt)e-Ktlr ' (14)
where B  =  rlaoCi.
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The specific  activity  of narrower  fibers  equilibrates  with  external  specific
activity  sooner  than  that of wider  fibers.  This has  the  effect  of diminishing
the  relatively  greater  quantity  of isotope  in  larger  fibers.  For  example,  for
t  =  1/K  and  for r  =  1 and  r2 =  2,  there  will  be  only two and  one-half
t
FIGURE  1.  Analogue computer  simulation  of efflux from a two fiber muscle  (z)  com-
pared to a single fiber  (y).  See equation  (9).  Upper pair of curves, larger radius is twice
the  smaller.  Lower  pair of curves,  larger  radius  is more  than three  times  the  smaller.
When experimental noise is considered, y and z are indistinguishable for at least two time
constants  of y  (upper curves)  and for at least one  time constant of y  (lower  curves).
times as much isotope in the larger fiber, rather than four times as much as de-
fined  by equation  (12).
If y(0) is large  compared  toy2(0),  Y(t)  may look as though it has only the
term  in  rl if  t is  not  sufficiently  large.  If yJ(O)  is  four  times  y2(0)  because
r  =  2r2,  the influence  of the term in r2 may not appear  experimentally  be-
cause the term in r2 vanishes twice as rapidly as the term in rl.
A family of solutions of equation  (9),  generated  by an analogue  computer,
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is given in Fig.  1. If the larger radius is less than three times the smaller radius,
the  curve  seems  to  be a single exponential  for  a  time equal  to  the apparent
time constant  of  the curve.  If the larger radius  is less  than twice the  smaller,
the  curve seems  to be a single  exponential for  a  time equal  to twice the  ap-
parent  time constant  of the curve.  Since  the  apparent  time  constant for  po-
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FIGURE  2.  Analogue  computer
simulation  of efflux from  a multifiber
system  (z).  Population  of fiber  radii
is  divided  into  five  groups  repre-
senting  variations  in  radius  from  20
to  60  pu. Coefficients  are  taken  from
the  normal  distribution  curve;  e.g.,
40 % of fibers have radius  40  5  to
give  the  term  4.0e -° 2 ' 5t.  Solid  line
(y)  is generated  by a single fiber with
a  radius  (40  )  equal  to  the  mean
radius  of  the  multifiber  system.
Within  the  limits of expected  experi-
mental  variation  the  two  curves  are
indistinguishable  at  least  until  90%
of the  tracer  has been washed  out.
of measurement of radioactivity  was only 3 or 4 hr,  it is improbable  that the
data from  the  hypothetical  two  fiber  muscle  could  be distinguished  from  a
single exponential.
(b)As the number of fibers increases, those fibers in the modal group of radii
become  dominant.  If the  distribution  of radii  is  such  that a  large  majority
of fibers have radii that differ by less than 50%0,  the observed  curve will mimic
a  single  exponential  for  several  time  constants,  whether  the  distribution  of
radii is normal or skewed.  Fig.  2 was drawn by an analogue  computer repre-
sentation  of a  multifiber system  in  which  the  fibers  were  classified  into  five
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groups  according  to  the  distribution  of  radii.  The  curves  generated  by  a
multifiber system are mimicked by those of a single fiber system.
If in  practice one  observes  what  appears  to  be  a single  exponential,  what
is the meaning of the observed spurious time constant?
For a  two fiber system, if
Y(t)  = yl(O)e - kl  +  y2(0)e-k t y(O)e - k t (15)
for relatively  short  periods  of observation,  set the  initial  conditions  and first
derivative  at  zero  time  for  the  sum  of  exponentials  equal  to  those  for  the
single  exponential.  Then
y(O)  = yl(0)  +  y(0)
and
ky(O)  = kyl(O)  +  k2y2(0),
whence
k  kly(O)  + ky()  (16)
y(O)  y(O) 
that  is,  the  rate  constant  of  the  apparent  single  exponential  approaches  a
mean  of the  two  rate  constants  weighted  for  their relative  contributions  at
zero time.
The apparent rate constant is therefore not either of the true rate constants.
Expansion from  a two to an  n-fiber muscle leads  to the  result that the  ob-
served  time constant need  not describe  the  behavior of any real  fiber in the
muscle,  but that  it  is,  for observation  made  over  a  relatively  short  time,  a
weighted  mean.  For  a  normal  distribution  of  r, the  time  constant  of  the
weighted  mean  follows  the  true  curve for  a  time  equal  to  more  than three
time constants.
Thus,
k  ]  =  2F/'yrCi
Fo  =  y  'yrkCi . (17)
To calculate  Fo some decision must  be made about  the values  selected  for
substitution  in  equation  (17).  There  is  no  choice  about  y  and  Ci.  Opera-
tionally,  we  determine  the  total  quantity  of  mother  substance,  Ni,  in  the
muscle and divide it by the total volume of the fibers  (wet weight minus extra-
cellular volume)  to get  Ci. This  is not necessarily  the mean concentration of
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individual  fibers,  but  there is  nothing  to be done  about it.  If the  frequency
distribution  of r is known,  there  will  be  a question  of whether,  in the above
equation,  to  divide  by  the mean  radius  or to  multiply  by the  mean  of re-
ciprocal  radii.  In  general,  for  a normal  distribution,  the reciprocal  of the
mean  radius  is  less  than  the  mean  of the  reciprocal  radii.  However,  if the
population is fairly homogeneous  the difference  is not great.  If it were known
that the concentration  within every  fiber was  the same,  then the distribution
of k would be the same as the distribution  of reciprocal  radii,  and the proper
procedure  would  be to use  the mean  of reciprocal  radii.  In our experiments
(3)  we did  not  determine  the  frequency  distribution  of radii,  but measured
the muscle diameter in its fresh state and then counted  fibers along the major
diameter  in  fixed  cross-sections.  The  result  is  an  estimate  of  mean  radius.
In the absence of knowledge  of the frequency  distribution of radii,  use of the
mean  radius  to calculate  Fo leads  to an uncertain,  probably  small,  overesti-
mate of F.
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